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Abstract 

In this paper we calculate the cardinality of the set Sn{T,T) of all permuta- 
tions in Sn that avoid one pattern from S4 and a nonempty set of patterns 
from S3. 

The main body of the paper is divided into four sections corresponding 
to the cases \T\ = 1,2,3, and \T\ > 4. At the end of each section we provide 
the tables accumulating all the results obtained. 

1 Introduction 

Let [k] = {l,...,k} be a (totally ordered) alphabet on k letters, and let 
a £ [k]"^, (3 G with / < k. We say that a is order-isomorphic to [3 if rhe 
following condition holds for all 1 < i < j < n: ai < Uj if and only if (3i < fij. 

We say that t £ Sn avoids a G S^ (with k < m) if there is exist 1 < ii < 
■ ■ ■ < ik 1^ n such that {ji^ , . . . , Tj^.) is order-isomorphic to q = (ai, . . . , a^), 
and we say that r avoids a if r does not contain a. 

The set of all permutations in Sn avoiding a is denoted Sn{oi). In a 
similar way, for any A C Um=i we write Sn{A) to denote the set of per- 
mutations in Sn avoiding all the permutations in A. 

The study of the sets Sn{ot) was initiated by Knuth who peroved 
that |S'n(a)| = ;^^(^") for any a £ S3. Knuth's results where further ex- 
tended in two directions. West and Stankova |^] analyzed Sn{a) for 



a G 5*4 and obtained the complete classifiction, which contains 3 distinct 
cases. This classification, however does not give exact values of Sn{ce)- On 
the other hand, Simion and Schmidt ||^] studied 5„(r) for arbitrary subsets 
T C S'3 and discovered 7 distinct cases. The study of Snia, t) for all a G 53, 
r G S4, T avoids a, was completed by West [^, Billey, Jockusch and Stan- 
ley lH] and Guibert In the persent paper we continue this work and 
calculate the cardinalities of the sets Sn{T,a) for all nonempty sets T C S'3 
and all permutations a G S'4. The rest of the intorduction contains several 
auxilary definitions and results. 

We define two symmerties on permutations, the reversal r : Sn ^ Sn sls 
follows: 

r : (ai,a2, • • • , an) ' — > (an, ■■■ ,a2, ai), 
and the inverse z : S^ — > S^ as follows: 

i : a I — > . 

These symmetries can be extended to an arbitrary set of permutations 
T C Um=i as follows: 

r(r) = {r(a) | a G T}, 
T-i = {a-i \a£T}. 

We denote by Mp the group of transformations of Um=i •S'm generated 
by r and i, and we define Symmetry classes as the orbits of Mp in Um=i '^'m- 
In other words, A, B belongs to be same symmetry class T if there exist 
g e Mp such that g{A) = B. 

Proposition 1.1 Let A,B C Um=i '^m belong to be same symmetry class 
T. Then |S„(A)| = \Sn{B)\. 

Proof By Burstein |Q and defintions. ■ 

Let 5i < . . . < bji', we denote by •S'l^^ the set of all permutation 
of the numbers 61,..., 6„; for example, Sji^...^^} is just Sn- As above we 
denote by <S'{b^^,,,^fe^}(r) the set of all permutations in Sih^^. ^^bn} avoiding all 
the permutations in T. 

Proposition 1.2 Let r G S^ci,...,ct,}- Then there exists permutation a & Sk 
such that \Sn{a)\ = |5'{fc^,...,6„}(r)|. 
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Proof We define a function / : S^ci,...,Ck} ~^ Sk by 

/((cii,Ci2,...,CiJ) = {ii,i2,...,ik)- 
Then evidently \S^h^^...,br,}(.T)\ = \Sn{f{T))\. ■ 
Corollary 1.1 Let T C Si^^i Ck}- Then there exists R Sk such that 

\Sn{R)\ = 

Proof Let T = {ri, . . . , r/} and R = {/(ti), . . . , /(rj)} where / is defined 



in proposition 1.2 . On the other hand by defintions 

I 

i=l 

Hence by the isomorphism / and proposition this corollary holds. ■ 

2 |5'^(a,r)| for all a G 6*3 and r G <S'4 

Defintion 2.1 Let r E Sk- We define A!^ as the set of all the words a = 
(ai, . . . , Ok) such that 1 < ai < m for all i and a is order-isomorphic to r. 

Proposition 2.1 [yl^[ = (™) for any t £ Sk and m> k. 

Proof li m = k then the proposition is trivial. We proceed by induction. 
Let \A^\ = (™), and we want to calculate the cardinality of the set ^4^+^. 
Assume that = k. We have 

m+l 

T KJ Tlv,Td-l,'rd+l,.--,Tfc' 

i=k 

and the sets in above relation are disjoint. Hence by induction we obtain 

\Ar'\ = {ti) + {k\)+.--+{k-d = n')- 

Defintion 2.2 Let r € 5^. We define VJ^ as the set of all the permutations 
a € Sm for which there exist 1 < ii < i2 < ■ ■ ■ < ik ^ m such that 
(ai,,...,aij e A'p. 
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Example 2.1 Ai^2 = {132, 142, 143, 243}. 

y4^2 = {1324,1342,1432,4132,1423,3142,1243,2143,2431,2413}, and by 
direct calculations we have \V^\ = 10 for all t £ S3. 



Defintion 2.3 Let u : P{Sk) ^ P{Sk+i) be defined by i/(T) = [j^^^V^-^^ 
where P{X) as usual stands for the power set of X; we denote v'p{T) = 
v{iyP-^{T)) for p>l. 



Lemma 2.1 Sn{v{T)) = Sn{T) for all t £ Sk and n > k + 2. 

Proof Let a € Snir) and assume that a ^ Snit^ir)), which means that a 
contains a subsequence f5 G So by defintions a contains a subsequence 

7 such that 7 is order-isomorphic to r, a contradiction. Hence 5'fi(T) C 
SniHr)). 

On the other hand, let a contain r, which means that there exist 1 < 
zi < . . . < ifc < n such that (ajj, . . . , aj^.) is order-isomorphic to r. Let a^^^ 
be the maximal element in {aj^ , . . . , on^}. If 7^ then the subsequence 

, . . • , , "ra, CKirf+i , • • • , ctif, of a is order-isomorphic to some permutation 
in the set V^'^^, so Sn{i^{T)) C Snir). Hence we can assume that ami = 
n. Let be the maximal element in {oi^, . . . , aij,}\{Qmi}; by the same 
reason we see that the only nontrivial case is = ^^ — 1 an so on. So 
(oj^ , . • • , aife) is just a permutation of the numbers n + 1 — k, . . . ,n. 

Now, since n > k+2, there exists d such that the subsequence , . . . , Oi^.^ , 
1; ckid+i ) ■ • • ! CKjfc of is order-isomorphic to some permutation in the set z^(r). 

Hence in any case a contains some permutation /? with /3 G i^(t), which 
means that if a contains r then S'„(i/(t)) C ^^(t). ■ 

Corollary 2.1 5„(z^(r)) = ^^(r) for ah T C Sk and n > k + 2. 

Proof By definitions Sn{v{T)) = {~\p^rp Sn{i'{0)), and by lemma 2.1 we 
obtain Sn{y{T)) = H/jeT 'S'n(/5). Hence, again by definition, we obtain 
Sn{iy{T)) = Sn{T). m 

Theorem 2.1 5'„(z^P(r)) = ^^(r) for ah T <Z Sk and n > k + p + 1. 

Proof By definitions, corollary 2.1 and induction. ■ 



Theorem 2.2 Let a € 5^ and r G Sm with k < m. Then r contains a if 
and only if Sn{a,T) = S'n(a)- 
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Proof Assume first that r contains a. By defintions we have Sn{pL^T^ = 
Sn{a) n 5„(r). On the other hand r G u"^~^{a), and by theorem |2]^ we 
obtain Sn{a) = 5„(z^'"~'^(a)), which means that Sn{a,T) = 
so again by theorem we obtain Sn{a, r) = S'n(a). 

Now let Snicx,T) = Sn{a), then Sn{c() C S'„(t), which means that if 
/3 ^ Snir) then /3 ^ ^^(a). By taking /3 = r, we get that r must contain a. 



Corollary 2.2 Let a G 5*3, r G 5*4 and r contain a. Then |5n(a,r) 
where is the n-th Catalan number. 



Proof By the theorem 2.2 and Knuth 



Representative T £ T 



\SUT)\ forTeT 



Reference 



{a, t} when a G S3, 

T £ S4 and r contains a 



60 



_J_(2n\ 

n + 1 \ n J 



corollary 



{123, 1432} , {123,2143} 
{123, 2413} , {132, 1234} 
{132,2134} , {132,2314} 
{132,2341} , {132,3241} 
{132,3412} 
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/2n-2 where /„ is the 
n-th Fibonacci number 



West § 



{132,3421}, {132,4231} 
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1 + (n - 1)2" 



West § , Guibert p[| resp. 



{123, 2431} 



3-2"-' - - 1 



West § 



{123, 3421} 



+ 2(3) 



West § 



{132,3214} 



l-43: + 53:^-33:3 



West § 



{132,4321} 



:) + {T) + {2)+^ 



West § 



{123,4321} 



Erdos and Szekeres 



{123, 3412} 



2n - 1 



Billey, Jockusch and Stanley Q 



{123,4231} 



(g)+2(: 



1 West § 



Table 1: Cardinalities of the sets Sn{o(,T) when a £ Ss and r G 84^. 



Billey, Jockusch and Stanley [§ show that |5„(123, 3412)j = 2"+^ 
("+^) - 2n - 1, Guibert § show that |5n(132, 4231)| = 1 + (n - 1)2 



n-2 
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Erdos and Szekeres |^ show that . . . ,1), (k, . . . =0. West [^] 

and corollary compelete all the calculation of the cardinalities of 5'„(a, r) 
when a € 5*3 and r € 54. All these results we summarize in the above table. 

The first column contains the list of representatives for the symmetry 
classes, one representative per each class. The second column contains the 
number of sets in each symmetry class, the third column contains expression 
for the cardinality of the sets in the corresponding symmetry class. The last 
column provides a reference to the paper (or theorem in the present papers) 
where this expression is obtained. 



3 \Sn{ai, a2,r)\ when ai ^ a2 E 6*3 and r E S4 

In this section we calculate the cardinalities of all the sets Sn{cti,a2,T) for 
any two different permutations ai, 02 € S3 and t £ S4. 

Proposition 3.1 Let qi, 02 be two different permutations in 5*3 and let r 
be permutation in 5*4 such that r contains qi or 02- Then \Sn{ai,a2,T)\ = 
\Sn{ai,a2)\. 

Proof By theorem and definitions. ■ 



By proposition 3.1, Simion and Schmidt Q and Erdos and Szekeres [^] 
we obtain the following theorem. 

Theorem 3.1 For all n G AA, r G ^4: 

1. \Sn{ai,a2,T)\ = 2""-*^ if r contains ai or 02 and (01,02) = (123,132), 
(132,213), (132,231), (132,231) or (132,312). 

2. |S'„(123,321,r)| = for ah n > 5. 

3. \Sn{oii,a2,T)\ = if ai G 53, r contains 02, n > 7 and 02 = 123 or 
02 = 321. 



Let us analyse other cases. 
Theorem 3.2 For all n G 7\A, 

|5„(123, 132, 3214)1 = |S'„(123, 213, 1432)| = |5„(132, 213, 1234)| =t 
where i„ is the n-th Tribonacci number [Q]. 
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Proof 1. Let a G Gn = 5'„(123, 132,3214), and let us consider the possible 
value of a\: 

1.1 a\ <n — 2. Evidently there exist ai. = n + l — j, j = 1,2, hence a either 

contains (ai, a^^, a^j) which is order- isomorphic to 132, or contains 
(cci , , Q!j^ ) which is order— isomorphic to 123, a contradiction. 

1.2 ai = n — 1. Similarly to case 1.1 we have 02 = n oi a2 = n — 2. If 

a2 = n then a G G„ if and only if (0:3, . . . , a„) G Gn-2- li a2 = n — 2 
then as = n, since otherwise a contains 3214, hence a G Gn if and 
only if (04, . . . , q;„) G Gn-3- 

1.3 ai = n. Evidently a G Gn if and only if (a2, • • • ,an) G Gn-i- 

Since the above cases are disjoint we obtain |G„| = |G„_i| + |G„_2| + |G„_3|. 

2. Let a G G„ = >S'„(123, 213, 1432), and let us consider the possible 
value of Qfi: 

2.1 ai < n — 3. Evidently there exist = n + 1 — j, j = 1, 2, 3. Since a 

avoids 123 we get < < o;i3, hence a contains (ai, a^^, a^j, Ois) 
which is order— isomorphic to 1432, a contradiction. 

2.2 ai = n — 2. Let ai- = n + 1 — j, j = 1, 2. Since a avoids 123 we get 

ii < 12- If zi > 3 or ?2 > 4 then a contains 213, a contradiction. 
So a = {n — 2,n,n — 1, 0:4, . . . , «„). Hence a G Gn if and only if 
(q;4, ...,an) G G„_3. 

2.3 ai = n — 1. If 02 < n — 2 then a contains 213, so we have a = 

(ra — 1, n, as, . . . , an)- Hence a G Gn if and only if (aa, . . . , a„) G Gn-2- 

2.4 ai = n. Evidently a G G„ if and only if (a2, . • . ,an) G Gn-i- 

Since the above cases are disjoint we obtain = |G„_i| + |G„_2| + |G„_3|. 

3. Let a G Gn = >S'„(132, 213, 1234), and let us consider the possible 
value of Qfi: 

3.1 ai < n — 3. Since a avoids 132 we get, similarly to case 2.1, that a 
contains {ai,n — 2,n — l,n), which is order— isomorphic to 1234, a 
contradiction. 
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3.2 ai = n — 2. If a2 < n. — 2 then a contains 213, and if 02 = n then 

a contains 132, so we have that a2 = n — 1. If 03 < n — 2 then a 
contains 213, so 03 = n. Hence a = (n — 2,n — l,n, 04, . . . , a„). That 
is, a € Gn if and only if (04, . . . , a„) G Gn~3- 

3.3 ai = n — 1. Similarly to case 2.3 we have 02 = n, so a = (n — 

1, n, 03, . . . , On). Hence a G Gn if and only if (03, . . . , a„) S Gn-2- 

3.4 ai = n. Evidently a e G„ if and only if (02, ■ ■ ■ , ctn) G 

Since the above cases are disjoint we obtain = |G,i_i| + |G„-_2| + |G„-3|- 
■ 

Theorem 3.3 For all n e Af, 

|S„(123, 132,3241)1 = |5n(132, 213, 2341) | = /„+2 - 1, 
where /„ is the n-th Fibonacci number. 

Proof 1. Let a G G„ = S'„(123, 132, 3241) and let us consider the possible 
value of ai: 

1.1 ai < n — 2. Impossible, similarly to case 1.1 in theorem 



1.2 ai = n — 1. Similarly to case 1.2 in theorem 3.2 we have that 02 = n — 2 

or 02 = ?^. If 02 = ?i- — 2 then we get a„ = n since otherwise a 
contains 3241. Besides, ai > aj for all 3 < i < j < n since otherwise a 
contains 123. So there is only one such permutation, namely (n — 1, n — 
2, . . . , 1, n). If a2 = n then a G Gn if and only if {03, . . . , On) G Gn-2- 

1.3 ai = n. Evidently a € G„ if and only if (02, . . . , a™) € G„_i. 

Since the above cases are disjoint we obtain = + |Gn-2l + 1- By 

the transformation Qn = \Gn \ + 1 we get gn = Qn-i + gn-2- Besides 54 = 8 
and (75 = 13, which means that gn = fn+2, hence = fn+2 — 1 for all 
n > 4. It is easy to see that for n = 1,2,3 the same formula holds. 

2. Let a G Kn = /S'n(132, 213, 2341), and let us consider the possible 
value of ai: 

2.1 2 < ai < n — 2. If a2 = n. then a contains 132. Let a2 = n. — 1, if as = n 
then a contains 2341 otherwise a contains 213. Hence a2 < n — 2. If 
a2 < OL\ then a contains 213, so we have that Q2 > Oi\- If 0.3 > 0.2 
then Q contains 2341, otherwise a contains 213, a contradiction. 
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2.2 ai = 1. Since a avoids 132, we have only one permutation (1, . . . ,n). 

2.3 «! = n — 1. Since a avoids 213, we have that a2 = n. Hence a G Kn if 

and only if (as, ... , an) G 

2.4 ai = n. Evidently a E Kn if and only if (02, ■ ■ ■ , a„) G Kn-i- 

Since the above cases are disjoint we obtain \Kn\ = \Kn-i \ + \Kn^2 \ + 1; 
besides \K4\ = 7 and \K^\ = 12. Similarly to the first part of the proof we 
obtain \Kn \ = = fn+2 — 1 for all n € Af. ■ 

Theorem 3.4 For all n > 3, 

|5„(123, 132, 3421)1 = |5„(123, 213, 3421) | = 3n - 5. 

Proof 1. Let a G G„ = S'„(123, 132, 3421), and let us consider the possible 
value of ai: 

1.1 ai < n — 2. Impossible, similarly to case 1.1 in theorem 

1.2 ai = n — 1. Consider k such that ak = n. Since a avoids 3421 we have 

ai < Oj for all k < i < j < n, hence if /c < n — 3 then a contains 
123. So either k = n or k = n — 1 or k = n — 2. Besides Oj > aj 
for all 1 < i < j < k since otherwise a contains 123, and aj > ai for 
i < k < j since otherwise a contains 132. Hence in this case there are 
three possible permutations: (n — 1, . . . , 1, n), (n — 1, . . . , 2, n, 1) and 
(n - 1, ... ,3, n, 1,2). 

1.3 ai = n. Evidently a E G„ if and only if (a2, ■ ■ ■ , an) G Gn-i- 

Since the above cases are disjoint we obtain = \Gn-i \ + 3. Besides 
IG3I = 4, hence \Gn\ = 3n — 5. 

2. Let a S Kn = Sfj(123, 213, 3421), and let us consider the possible 
value of ai: 

2.1 4 < ai < n — 1. Let ai^ = j, j = 1,2,3, and ai^ = n. Since a avoids 

213 we have that 14 < ij for all j = 1, 2, 3. On the other hand a avoids 
3421, so we have ii < 12 < 13, which means that a contains 123, a 
contradiction. 

2.2 ai = n. Evidently a € Kn if and only if (02, • . • , On) G Kn-i- 
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2.3 ai = 1. Since a avoids 123 we have only one permutation (1, n, . . . , 2). 

2.4 ai = 2. Since a avoids 123 we have that a contains (n, . . . ,3). Since 

a avoids 213 we have a„ = 1. So we have only one permutation 
(2,n,...,3,l). 

2.5 ai = 3. Since a avoids 123 and 213 we have two permutations (3, n, . . . , 4, 1, 2) 

or (3, n, . . . , 4, 2, 1), but a avoids 3421, so we we have only one permu- 
tation (3, n, . . . , 4, 1, 2). 

Since the above cases are disjoint we obtain \Kn\ = \Kn-i\ + 3. Besides 
{K^l = 4, hence \Kn\ = |G„| = 3n — 5. ■ 

Theorem 3.5 Let a G {1432, 2143, 2431, 3214, 3241, 3421}, then for all n > 
2, 

|S'„(123,312,a)| = 2n - 2. 

Proof 1. Let a G G„ = S'n(123, 312, 1432). Fix k such that = 1 and let 
us consider the possible value of k: 

1.1 k = n. Evidently a G Gn if and only if (qi, . . . , a„-i) G 5{2,...,n}(123, 312, 1432). 

1.2 k = n — 1. If a„ < n then a contains 312, so q„ = n. On the other 

hand a avoids 123, so we have only one permutation (n — 1, . . . , 1, n). 

1.3 k = n — 2. Similarly to the above case, we have a = (n — 2, 1, re, n — 1) 

or a = (re— 2, . . . , 1, re— 1, n), but the permutation (re— 2, . . . , 1, n—1, re) 
contains 123, so we have only one permutation (re — 2, . . . , re, n — 1). 

1.4 1 < /c < re — 3. Since a avoids 123 we have that a„_2 > On-i > On and 

a contains 1432, a contradiction. 



Since the above cases are disjoint we obtain by corollary |l.l| that \Gn\ = 
\Gn-i\ + 2. Besides IG3I = 4, hence \Gn\ = 2re — 2. 

2. Let a G G„ = S'„(123, 312, 2143). Fix k such that Ofc = 1 and let us 
consider the possible value of k: 

2.1 A; = reorA; = re — 1. Similarly to cases 1.1 or 1.2 resp. 

2.2 k = 1. Since a avoids 123 we have only one permutation (1, re, . . . , 2). 
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2.3 2 < k < n — 2. Since a avoids 123 we have that a„_i > an, since a 
avoids 312 we have > and a„_i > aj for all i < k, so a contains 
2143, a contradiction. 

Since the above cases are disjoint we obtain |G„| = + 2. Besides 

IG3I = 4, hence \Gn\ = 2n-2. 

3. Let A = {123,312,2431} and G„ = Sn{r{A-^)) = S'„(321, 132, 2314). 
By proposition 1.1 we get \Gn\ = \Sn{A)\. Let a G Gn and ai = t. If 
a2>t + 2 then a contains 132, and if 2 < a2 < t — 1 then a contains 321, 
so we have 0:2 = 1 or 0:2 = f + 1. 

Let a2 = 1; since a avoids 132 we have that a = (t, 1, . . . , i — 1, t + 
1, . . . , n), anthere are n — 1 permutations of this type. 

Let a2 = i + 1; since a avoids 132 we have that a conatins (i, t + 1, . . . , n). 
li ai < t and 3 < i < n — t + 1 then a contains 2314, which means 
that a = {t, . . . ,n, an-t+2, ■ ■ ■ , «n)- Since a avoids 321 we have that a = 
{t, . . . ,n,l, . . . ,t — 1), and there are n — 1 permutations of this type. Hence 
\Gn\ =2n-2. 

4. Let a eGn = Sn{l23, 312, 3214) and ai = t. If t + 1 < 02 < n - 1 
then a contains 123, and if a2 < t — 2 then a contains 312, so we have that 
a2 = t — 1 or a2 = n. 

Let a2 = n; since a avoids 312 we get a = {t,n, . . . ,t + l,t — 1, . . . ,1), 
and there are n — 1 permutations of this type. 

Let Q;2 = t — l;ift + l<a3<n — 1 then a contains 123, and if 0:3 <t — 2 
then a contains 3214, so we have that 0:3 = n. Since a avoids 312 we have 
that a = {t,t — l,n, . . . ,t + l,t — 2, . . . ,1), and there are n — 1 permutations 
of this type. Hence = 2n — 2. 

5. Let a eGn = 5,1(123,312,3241) and ax = t. Similarly to case 4 we 
have that a2 = t — 1 or a2 = n. 

Let a2 = n; since a avoids 312 we have that a = {t,n, . . . ,t + l,t — 
1, . . . , 1), and there are n — 1 permutations of this type. 
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Let 02 = t—1. If t = 2 then, since a avoids 123 we get a = (2, 1, n, . . . , 3). 
If t > 3 then, since a avoids 312 we have that a contains {t — l,t — 
2,...,1). If there exist 3 < i < t such that ai > t, then a contains 
3241, so a — (t, . . . , 1, at+i , . . . , a^)- Since a avoids 123 we have that 
a = (t, . . . , 1, n, . . . , t + 1), and there are n — 2 permutations of this type. 
Hence \Gn\ = 2n — 2. 

6. Let a € Gn = 5'„(123, 312, 3421), fix k such that = 1 and let us 
consider the possible value of k: 

6.1 k < n — 1. Since a avoids 312 we have that < aj for all i < k < j, 
so since a avoids 123 we get > aj for all i < j < k ov k < i < j. 
Hence a = {k, k — 1, . . . ,l,n,n — 1, . . . , k + 1), and there are n — 1 
permutations of this type. 

6.2 k = n. Evidently a S G„ if and only if (ai, . . . , a„_i) E S'„_i(123, 312, 231). 
By Simion and Schmidt |0] we have |S'„_i(123, 312, 231)| = n — 1. 

Since the above cases are disjoint we obtain \Gn \ = n — 1 + n — l = 2n — 2. 
■ 

Theorem 3.6 For all n G M, 



in the following cases: 

1. ai = 123, a2 = 231 and r G 5*4 contains 123 or 231. 

2. ai = 123, a2 G {132,213} and r G {3412,4231}. 

3. (Qi,a2,r) = (132,213,3412). 

4. ai = 132, a2 = 231 and r G {1234,2134,3124,3214}. 

5. (Qi,a2,r) = (213,312,3412). 

6. ai = 213, a2 = 321 and r G {1324, 2314, 1324}. 

7. (ai,a2,r) = (213,132,4321). 
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Proof 1. By Simion and Schmidt § we get |S'„(123, 231)| = Q + 1, hence 
by theorem 2^ we have that |5ri(123, 231, t)| = (2) + 1 for all r G 54 con- 



taining 123 or 231. 

2. Let a € G„ = S'„(123, 132, 3412) and let us consider the possible value 
of ai: 



2.1 ai < n — 2. Impossible, similarly to case 1.1 in theorem 3.4 



2.2 ai = n — 1. Let = n; since a avoids 123 we have for all ii < ^2 < k, 

> Oij. Since a avoids 3412 we have for all k < ii < 12, a,^ > Oi^. 
Since a avoids 132 we have a = {n — 1, . . . ,n — k + l,n,n — k, . . . ,1), 
and there are n — 1 permutations of this type. 

2.3 ai = n. Evidently a E G„ if and only if {02, ■ ■ ■ , ctn) G Gn-i- 

Since the above casses are disjoint we obtain = jCn-il +n — l. Besides 
IG4I = 7, hence |G„[ = (2) + 1 for all n > A. It is easy to see that for 
n = 1, 2, 3 the same formula holds for all n € N . 

3. Let a G Gn = S'„(123, 132, 4231) and let us consider the possible value 
of ai: 



3.1 ai < n — 2. Impossible, similarly to case 1.1 in theorem 3.4 



3.2 ai = n — 1. Consider k such that = n and k <n — l. Since a avoids 

123 we get ai > aj for all i < j < k, and since a avoids 132 we get Oj > 
Oj for alH < /c < j. So q; = (n— 1, n — 2, . . . ,n — k + l, n, a^+i, . . . , «„). 
Hence a G G„ if and only if {ak+i, ■ ■ ■ , ctn) € 5'n-A;(123, 132, 231). By 
Simion and Schmidt ||^] we get |S'„_fc(123, 132, 231) | = n — k. 

li k = n then since a avoids 123 we have only one permutation (n — 
l,...,l,n). 

3.3 ai = n. Evidently a G G„ if and only if {02, ■ ■ ■ , an) G S'„_i(123, 132, 231) 

By Simion and Schmidt we have |S'„_i(123, 132,231)| = n — 1. 

Since the above cases are disjoint we obtain = 1-|-(1-|-. . .+n—2)+n—l = 

Q) + 1- 

4. Let a G Gn = 5*71(123,213,3412). Let us consider the possible value 
of CKi: 
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4.1 ai = 1. Since a avoids 123 we have that a = (1, n, . . . , 2). 

4.2 ai = t, 2 < t < n — 1. If 02 ^ ^ — 1 then a contains 213, and if 

t + 1 < a2 < n — 1 then a contains 123, So 02 = n. Since a avoids 
3412 we have that a contains (t — 1, . . . ,1). 

Fix k such that at = t — 1. If there i > k such that > t 
then a contains {t,t — l,ai) which is order-isomorphic to 213, so 
a = {t, n, as, . . . , a„_i+i, t — 1, . . . , 1). Since a avoids 123 we have 
that a = (t, n, . . . , i + 1, t — 1, . . . , 1), and there are n — 2 permutations 
of this type. 

4.2 ai = n. Evidently a E G„ if and only if (02, . . . , On) G Gn-i- 

Since the above cases are disjoint we obtain \Gn\ = |Gn_i| + n — 1. Besides 
IG4I = 7, hence similarly to the second proof we get \Gn\ = (2) + 1- 

5. Let A = {123,213,4231} and G„ = Sn{r{A)) = 5„(321, 312, 1324). 
By proposition |L1| we get \Gn\ = \Sn{A)\. Let a € Gn and let us consider 
the possible value of ai: 

5.1 3 < ai. Since a avoids 312 we have that a contains 321, a contradiction. 

5.2 ai = 2. Consider k such that ak = 1. Since a avoids 321 we have < 

a J for all 2 < i < J < /c— 1, and since a avoids 312 we have that < aj 
for all i < < j. Therefore q = (2, . . . , fc, 1, ak+i, • • • , On)- Hence a G 
Gn if and only if (0^+1, . . . , a„) £ 'S'{A:+i,...,ra}(321, 312, 213). By Simion 
and Schmidt and corollary 1.3 we get that 5'{fc+i^,..^„}(321, 312, 213) 
contains n — k permutations for all A; < n — 1, and exactly one permu- 
tation for k = n. 

5.3 ai = 1. Similarly to case 5.2, a G G„ if and only if {02, ■ ■ ■ ,an) G 

5'{2,...,n}(321, 312, 213). By Simion and Schmidt and corollary 
we have that n — 1 permutations. 

Since the above cases are disjoint we obtain = (n— 2+. . .-|-l)-|-l-|-n— 1 = 
(2) + 1- 

6. Let a G G„ = S'„(132, 213, 3412) and let us consider the possible value 
of cti: 
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6.1 ai = t < n — 1. Fix k such that = n. If < t and i < k then a 

contains 213, and if ai > t and i > k then a contains 132. Since a 
avoids 132 we have that a = {t,t + 1, . . . ,n, an-t+2-, ■ ■ ■ -oin), and since 
a avoids 3412 we get a = (t, t + 1, . . . , n, i — 1, . . . , 1), and there are 
n — 1 permutations of this type. 

6.2 ai = n. Evidently a E G„ if and only if [a2, ■ ■ ■ , On) G Gn-i- 

Since the above cases are disjoint we obtain = + n — 1. Besides 

IG4I = 7, hence similarly to the second proof we get \Gn\ = (2) + 1- 

7. Let Q G Gn = Sn(132, 231, 1234) and let us consider the possible value 
of ai: 

7.1 ai = 1. Since a avoids 132 we get q = (1, . . . ,n), so a contains 1234, a 

contradiction. 

7.2 2 < Qi < n — 3. Since a avoids 132 the permutation a contains (ai, n — 

2,n — l,n) which is order-isomorphic to 1234, a contradiction. 

7.3 ai = n — 2. Since a avoids 231 we have that a„,a„_i E {n — l,n}, 

and since a avoids 132 we get cen-i = n — 1 and a„ = n. Since a 
avoids 1234 we have that ai > aj for all 2 < i < j < n — 2. Hence 
a = (n — 2, n — 3, . . . , 1, n — 1, n). 

7.4 ai = n — 1. If an ^ n — 2 then a contains 231, so = n. Evidently 

a E Gn if and only if (02, . . . , On-i) £ 5'n_2(132, 231, 123). By Simion 
and Schmidt § we have |S'„_2(132, 231, 123)| = n - 2. 

7.5 ai = n. Evidently a E G„ if and only if (a2, . . . , an) E Gn-i- 

Since the above cases are disjoint we obtain \Gn\ = |Gn-i[ + n — 2 + 1. 
Besides 16*41 = 7, hence similarly to the second proof we get jG„| = (2) + 1. 

8. Let a E Gn = 5^(132, 231, 2134) and let us consider the possible value 
of ai'. 

8.1 ai = 1. Since a avoids 132 we get a = (1, 2, . . . , n). 

8.2 2 < Qi < n — 2. Since a avoids 132 we get that a contains {ai,n — 1, n) 

and since a avoids 231 we get that a contains (ai,l,n — l,n) which 
is order-isomorphic to 2134, a contradiction. 
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8.3 ai = n — 1. Similarly to case 7.4 we get a„ = n. So a € G„ if and only 

if (a2, . . . , a„_i) G S'n-2(132, 231, 213). By Simion and Schmidt 
we have |5„_2(132, 231, 213)| = n - 2. 

8.4 ai = n. Evidently a £ Gn if and only if {02, ■ ■ ■ , On) G Gn-i- 

Since the above cases are disjoint we obtain |G„| = + n — 2 + 1. 

Besides IG4I = 7, hence similarly to the second proof we get |G„| = (2) + 1- 

9. Let a G G„ = 5„(132, 231, 3124) and let us consider the possible value 
of ai: 

9.1 ai = 1. Similarly to case 8.1 we have only one permutation (1,2,..., n). 

9.2 ai = 2. Since a avoids 231 we have that 02 = 1, and since a avoids 132 

we get a = (2, 1, 3, ... , n). 

9.3 ai = t, 3 < t < n — 1. Fix k such that a/. = 1. Since a avoids 

231 we have that ai > aj for all i < j < k and ai < t for all i < 
k. Since a avoids 132 we have that ai < aj for all A; < i < j. If 
ai < t and i > k then a contains either (t, l,aj,n) or (t, l,n, a^), 
which means that a contains 3124 or 132, a contradiction. Hence 
a = (i, i — 1, . . . , 1, i + 1, t + 2, . . . , n), and there are n — 3 permutations 
of this type. 

9.4 ai = n. Evidently a G G„ if and only if (02, • • • , On) S Gn-i- 

Since the above cases are disjoint we obtain = + n — 3 + 1 + 1. 

Besides IG4I = 7, hence similarly to the second proof we get |G„| = (2) + 1. 

10. Let a G G„ = /S'„(132, 231, 3214) and let us consider the possible 
value of ai : 

10.1 ai = 1. Similarly to case 8.1 we have only one permutation (1,2,..., n). 

10.2 ai = t, 2 < t < n — 1. Since a avoids 132 we have that a contains 
(t,t + 1, . . . ,n). Fix k such that = t + 1, if Oj < t and i > k then 
a contains 231. Hence a = {t, 02, . . . , at,t + 1, . . . ,n). Since a avoids 
3214 we have that a = (t, 1, . . . , t — 1, t + 1, . . . , n), and there are n — 2 
permutations of this type. 

10.3 ai = n. Evidently a G G„ if and only if {a2-, ■ ■ ■ , an) G Gn-i- 
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Since th above cases are disjoint we obtain = + n — 1. Besides 

IG4I = 7, hence similarly to the second proof we get = (2) + 1. 

11. Let a € G„ = S'„(213, 312, 2341) and let us consider the possible 
value of ai: 

11.1 Qi = 1. Evidently a € Gn if and only if [0,2^ ■ ■ ■ , ctn) G 'S'{2,...,n}(213, 312, 2341). 

11.2 ai = t, 2 < t < n — 1. If a2 ^ ^ — 1 then a contains 213, and if 
t+l<a2<:n — 1 then a contains {t,a2, l,n) or (t, Q2,n, 1) which 
is order-isomorphic to 213 or 2341 respectively, so 02 = n. Since a 
avoids 312 we have that a = {t,n,n — 1, . . . ,t + l,t — 1, . . . ,1), and 
there are n — 2 permutations of this type. 

11.2 ai = n. Since a avoids 312 we have that a = (n, . . . , 1). 

Since the above cases are disjoint we obtain by corollary |1.1| that = 
+ n — 2 + 1. Besides IG4I = 7, hence similarly to the second proof we 
get |GJ = Q) + 1. 

12. By Simion and Schmidt § we have that |S'n(213, 321)| = (^) + 
1, hence by theorem 2.9 we get |5„(213, 321, r)| = Q + 1 when r G 
{1324,2314}. 

Proof(13): Let ^ = {231,312,1324} and G„ = S'n(r(A)) = 5^(132,213,4231). 
By proposition |L1| we get | G„ | = | (A) \ . Let a G Gn and let us consider 
the possible value of ai: 

13.1 ai = 1. Since a avoids 132 we have that a = {1,2, ... ,n). 

13.2 ai = t, 2 < t < n — 1. Similarly to case 6.1 we have that a = 
{t,t + 1, . . . ,n, an-t+2, ■ ■ ■ , On)- Evidently a G Gn if and only if 
(a„_t+25 • • • J On) G S't_i(132, 213, 231). By Simion and Schmidt ||^] 
we have !S't_i(132, 213, 231)| = t-l. 

13.3 «! = n. Evidently a G G„ if and only if {02, ■ ■ ■ , On) G S'„_i(132, 213, 231). 
By Simion and Schmidt we have that |S'„_i(132, 213, 231) | = n — 1. 

Since the above cases are disjoint we obtain = l + (l + 2 + ... + n — 
2)+n-l = Q) + l. 
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14. Let A = {213,132,4321} and G„ = Sn{r{A)) = 5„(132, 213, 4231). 
By proposition |L1| we get | G„ | = | {A) \ . Let a G Gn and let us consider 
the possible value of ai: 

14.1 ai = 1. Since a avoids 132 we have that a = (1, 2, . . . , n). 

14.2 ai = t, 2 < t < n — 2. Fix k such that = n, since a avoids 213 
and 132 we have that Oi > t for i < k and ai < t — 1 for i > k + 1 
respectively, so a = (t, t + 1, . . . , n, an-t+2, • • • j On)- Evidently a € G„ 
if and only if {an-t+2, ■ ■ ■ ,«n) ^ 5't-i(213, 132,321). By Simion and 
Schmidt Q we have |5't_i(213, 132,321)| = t - 1. 

14.3 ai = n — 1. Since a avoids 213 we have that 02 = n. Evidently 
a G Gn if and only if (03, . . . , an) € 5^-2(213, 132, 321). By Simion 
and Schmidt [§ we have that |5n-2(213, 132,321)| =n-2. 

14 A ai = n. Evidently a S G„ if and only if (02, • • . , an) G S'n-i(213, 132, 321). 
By Simion and Schmidt we have that |S'„_i(213, 132, 321) | = n — 1. 

Since the above cases are disjoint we obtain = l + (l + 2 + ... + n — 
3) + n-2 + n-l = (2) + l. ■ 

All these results we summarize in the table 2 (next page). 



4 |5',,(r,r)| when T C ^3, |r| = 3 and r G ^4 

In this section we calculate the cardinalities of all the sets Sn{T,T) when 
|T[ = 3, T C S3 and r is any permutation in ^4. 

Theorem 4.1 Let T = {123, 132,213} and let r E 6*4 contain at least one 
permutation in T. Then |5„(T, t)| = [^^(r)! = fn+i, where /„ is the n-th 
Fibonacci number. 

Proof By Simion and Schmidt we have that |5„(T)| = fn+i, hence by 
theorem 2^ we get |S'„(T, r)| = fn+i- ■ 

Theorem 4.2 Let T C S3 and |r| = 3. For all n > 6, 

\Sn{T,T)\=0, 

in the following cases: 
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Representative T £ T 




|s„(r)|/orrGT 


Reference 


iLtl,CK25 / J Wllcii / t / CUllLcLillb 

a and {ai,Q2} = {123, 132}, 


160 


2^-1 


theorem 


3.1 




{123, 132,3412}, {123,132,4231} 
{123,213,3412}, {123,213,4231} 
{132,213,3412}, {132,231,1234} 
{132,231,2134}, {132,231,3124} 
{132,231,3214}, {213,312,2341} 
{213,312,1324}, {213,321,2314} 
{231,312,1324}, {132,213,4321} 
{123, 231, r} when r G 54 contains 
123 or 231 


118 


0+1 


theorem 


3.e 


{123, 321, r}, r G 5*4 

{123, a, 4321}, a G 63, a 7^ 123 

{321, a, 1234}, a G S3, a 7^ 321 


32 





Erdos and 
Szekeres Q 


{123, 312, r}, when r = 1432, 

r = 2143, 2431, 3214, 3241 or 3421 


24 


2n - 2 


theorem 3.J: 














{123, 132,3241}, {132,213,2341} 


12 


/n + 2 - 1 


theorem 


3.3 


{123, 132,3421}, {123,213,3421} 


8 


3n — 5 


theorem 






{123, 132, 3214}, {123, 213, 1432} 
{132,213, 1234} 


6 


a„, where a„ is the n-th 
Tribonacci number p| 


theorem 


3.2 



Table 2: Cardinalities of the sets 5„(ai, a2, t) when ai,a2 S and t e 6*4. 



1. 123 G T and r = 4321. 

2. 321 € T and r = 1234. 

3. {123,321} C T and r G S'4. 

Proof By Erdos and Szekeres Q. ■ 
Theorem 4.3 For all n G 7\A, 

\Sn{T,T)\ = n, 

in the following cases: 
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1. T = {123,132,231} and r € 6*4 contains at least one permutation in 
T. 

2. T = {123, 132, 213} and r = 3412. 

Proof 1. By Simion and Schmidt we have that |5,i(r)| = n, hence by 



theorem 2.2 we get |Sn(T, t)| = n when t E S4 contains a permutation in 
T. 

2. Let a £ Gn = 5„(123, 132, 213, 3412) and let us consider the possible 
value of ai : 

2.1 ai < n — 2. Since a avoids 123 we have that a contains (oi, n, n — 1), 
which means that a contains 132, a contradiction. 

2.2 ai = n — 1. Since a avoids 213 we get 02 = n. Since a avoids 3412 
we have only one permutation (n — 1, n, n — 2, . . . , 1). 



2.3 ai = n. Evidently a € G„ if and only if {02, ■ ■ ■ , an) € G„_ 



1- 



Since the above cases are disjoint we obtain = \Gn-i \ + 1- Besides 
IG4I = 4, hence \Gn\ = n for all n > 4. It is easy to see that for n = 1, 2, 3 
the same formula holds. ■ 

Proposition 4.1 LetT C Sk- If a ^ S'„(T) then (ai, aj_i, n+1 
5„+i(T) for all 1 < j < n. 

Proof By definitions. ■ 

Theorem 4.4 For all n > 4, 

1. 5„(123, 132,213,3421) = {{n - 1, n, n - 2, . . . , 1), (n - 1, n, n - 1, . . . , 1, 2), 
(n,...,3,l,2), («,...,!)}. 

2. S'„(123, 132, 213, 4231) = {(n, . . . , 5, 3, 4, 1, 2), (n, . . . , 4, 2, 3, 1), (n, . . . , 3, 1, 2), 
(n,...,l)}. 



Proof By induction and proposition 4.1 . 

Theorem 4.5 (5„ = (1, 2, . . . , n). For all 3 < n, 

1. 5„(123, 132, 231, 3214) = {{n, . . . , 4, 2, 1, 3), (n, . . . , 3, 1, 2), 5„}. 

2. 5„(123, 132, 231, 4312) = {(n - 1, . . . , 1, n), (n, n - 2, . . . , 1, n - 1), (5„}. 

3. 5„(123, 132, 231, 4213) - {{n - 1, . . . , 1, n), (n, . . . , 3, 1, 2), 5„}. 
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4. S'„(123, 231, 312, 1432) = {(n - 2, . . . , 1, ti, n - 1), (n - 1, . . . , 1, n), (5„}. 

5. 5„(123, 231, 312, 2143) = {(2, 1, n, . . . , 3), (n - 1, . . . , 1, n), 5„}. 

6. 5„(132, 213, 231, 1234) = {{n, . . . , 4, 1, 2, 3), (n, . . . , 3, 1, 2), Sn}. 

7. 5„(132, 213, 231, 4123) = {r(5„), (n, . . . , 3, 1, 2), 5„}. 

8. 5„(132,213,231,4312) = {r(,5„), {n,l, . . . ,n ~ 1), 6,,}. 

9. 5„(132, 213, 231, 4321) {r((5„), (n, 1, . . . , n - 1), (n, n - 1, 1, . . . , n - 2)}. 



Proof By induction and Proposition 4.1. 

All these results we summarize in the following table. 



Representative T £ T 



\Sn{T)\ forTe T 



Reference 



T U {r} when T = {123, 132, 231} 

and, r contains one permutation in T or t — 3412 



282 



theorem 4.3 



T U {r} when 123, 321 G T or 

(123 e T and r = 4321) or (321 £ T and r = 1234) 



108 



Erdos and 
Szekeres p[ 



{123, 132, 231, r}, r = 3214, 4312 or 4213 
{123, 213, 231, r}, r = 1432, 4132 or 4312 
{123, 231, 312, r}, r = 1432, 2143 or 3214 
{132, 213, 231, r}, r = 1234, 4123, 4321 or 4312 



46 



theorem 4.5 



T U {r} when T = {123, 132, 213} 
and, r contains one permutation in T 



38 



/n4 



theorem 4.1 



{123, 231, 312, r}, r = 3421 or 4231 



theorem 4.4 



Table 3: Cardinalities of the sets S'„(T,t) when T c 5*3, |r| = 3 and t e S'4. 



5 |5'^(r,r)| when T C ^3, |r| =4,5,6 and r e S4 

In this section we calculate the cardinalities of all the sets SniT,T) when 
|T| > 4, T C 53 and r is any permutation in ^4. 

Theorem 5.1 For all n > 4,5„(123, 132, 213, 231, 4312) ^ S'„(123, 132, 231, 312, 3214) = 
5„(132, 213, 231, 312, 1234) {{n, . . . , 1)}. 
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Proof By induction and proposition |4.1| . 



Theorem 5.2 Let T C S3, \T\ = 4, {123, 321} <^ T and let t € S4 contains 
at least one permutation in T. Then \Sn{T,T) \ = 2. 

Proof By Simion and Schmidt we have that |S'„(r)| = 2, so by theorem 



2.2 



Theorem 5.3 Let T C S3 and \T\ = 5. Then for ah n > 3, 

\Sn{T,T)\ = l, 

in the following cases: 

1. 5„(r, r) = {(1, 2,...,n)} if 321 ^ T and r ^ 4321. 

2. ^^(r, r) = {(n, n - 1, . . . , 1)} if 123 ^ T and r / 1234. 



Proof By induction and proposition |4T 



Representative T £ T 




|S„(r)| forTeT 


Reference 


T U {r}, |r| > 4 when 123, 321 G T, or 

123 € T and T = 4321, or 321 G T and t = 1234 


348 





Erdos and 
Szekeres 


T U {r}, |r| = 4, {123, 321} T 
and T £ S4 contains permutation in T 


100 


2 


theorem 5.2 


T U {r} when 

|T| = 5, 123 ^ T and r / 1234, or 
T| = 5, 321 ^ T and r / 4321, or 


56 


1 




{123, 132,213,231,4312}, 
{123, 132,231,312,3214}, 
{123,213,231,312, 1432}, 
{132,213,231,312, 1234}, 


theorem 5.1 5.3 



Table 4: Cardinalities of the sets S'„(T,t) when T C 5*3, |r| > 4 and r G ^4. 
Theorem 5.4 Let T C S3. Then for ah n > 6, 



|5n(T,T)| =0, 



in the following cases: 
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1. 123 G T and r = 4321. 

2. 321 G T and r = 1234. 

3. {123,321} C T and r G ^4. 

Proof By Erdos and Szekeres Q. ■ 
All these results we summarize in the table [3]. 
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